Introduction
Fluid flow in microchannels has emerged as an important research area. This has been motivated by their various applications such as medical and biomedical use, computer chips, and chemical separations. The advent of micro-electro-mechanical systems ͑MEMSs͒ has opened up a new research area where noncontinuum and surface roughness characteristics are important.
Microchannels are a fundamental part of microfluidic systems. Understanding the flow characteristics of microchannel flows is very important in determining pressure drop, heat transfer, and transport properties of the flow. Microchannels can be defined as channels whose characteristic dimensions are from 1 m to 1 mm. Above 1 mm the flow exhibits behavior, which is the same as continuum flows.
Some researchers have reported on deviations between microscale flow behavior and conventional macroscale flow theory. For laminar fully developed flow through microchannels, researchers have observed significant increases in the pressure drop from the macroscale flow theoretical values, as data appear up to 50% above the theoretical values ͓1-18͔. Some publications indicate that flows on the microscale are different from that on macroscale. Several theories and models have been proposed to explain the observed deviations, but an indisputable conclusion has not yet been reached.
In macroscale flow theory, the friction factor is independent of relative roughness in the laminar region. However, some researchers proposed that the friction factor depends on the relative roughness of the walls of microchannels in the laminar region and as such the relative roughness cannot be neglected ͓1,10-12,15-26͔.
Due to limitations in current micromachining technology, the walls of microfabricated microchannels typically exhibit some degree of roughness. Roughness plays an increasingly important role in microchannel flows, but it is difficult to characterize its effects theoretically or numerically. It can be characterized using a stylustype surface profilometer, optical measurement, scanning electron microscope ͑SEM͒, atomic force microscope ͑AFM͒, or scanning tunneling microscope ͑STM͒. Thus, there is a need for a better understanding of the effects of wall roughness on fluid characteristics in microchannels.
Mala and Li ͓13͔ measured the friction factor of water in microtubes with diameters ranging from 50 m to 254 m. They proposed a roughness-viscosity model to explain the increase in the friction factor.
Kleinstreuer and Koo ͓27͔ proposed a numerical model to consider the effect of wall roughness on liquid flow in microchannels. They modeled roughness by considering a porous medium layer ͑PML͒ near the wall. The porous medium layer approach is able to mimic some details of the velocity profiles and of the effect of the roughness height.
Wang et al. ͓28͔ numerically investigated the friction factors of single phase continuum flow in microchannels with various roughness elements ͑rectangular, triangular, and elliptical͒. The two-dimensional numerical solution shows significant influence of surface roughness including the height and spacing of the roughness elements on the Poiseuille number. The Poiseuille number increases with an increase in roughness height and decreases with an increase in the roughness spacing.
Bahrami et al. ͓12͔ developed a model to predict the pressure drop of fully developed laminar continuum flows in roughness microtubes. In this model, the wall roughness is assumed to possess a Gaussian isotropic distribution.
Priezjev and Troian ͓29͔ investigated the influence of periodic surface roughness on the slip behavior of a Newtonian liquid in steady planar shear. However, the physics of liquid slip is complicated and not completely understood.
Rarefaction effects must be considered in gases in which the molecular mean free path is comparable to the channel's characteristic dimension. The continuum assumption is no longer valid and the gas exhibits noncontinuum effects such as velocity slip and temperature jump at the channel walls. Traditional examples of noncontinuum gas flows in channels include low-density applications such as high-altitude aircraft or vacuum technology. The recent development of microscale fluid systems has motivated great interest in this field of study. There is strong evidence to support the use of Navier-Stokes and energy equations to model the slip flow problem, while the boundary conditions are modified by including velocity slip and temperature jump at the channel walls.
The Knudsen number ͑Kn͒ relates the molecular mean free path of gas to a characteristic dimension of the duct. Knudsen numbers are very small for continuum flows. However, for microscale gas flows where the gas mean free path becomes comparable with the characteristic dimension of the duct, the Knudsen number may be greater than 10 −3 . Microchannels with characteristic lengths on the order of 100 m would produce flows inside the slip regime for gas with a typical mean free path of approximately 100 nm at standard conditions. The slip flow regime to be studied here is classified as 10 −3 Ͻ KnϽ 10 −1 , and the flow is assumed to be isothermal. Since the pressure drop is a result of viscous effects and not the free expansion of the gas, the isothermal assumption should be reasonable.
Li et al. ͓30͔ studied the effects of surface roughness on the slip flow in long microtubes. The rough surface was represented as a porous film based on the Brinkman-extended Darcy model, and the core region of the flow utilized velocity slip to model the rarefaction effects. By using the appropriate matching conditions at the gas/porous interface ͑velocity slip and stress continuity͒, the governing equation of pressure distribution was derived.
Sun and Faghri ͓31͔ investigated the effects of surface roughness on nitrogen flow in a microchannel using the direct simulation Monte Carlo method. The surface roughness was modeled by an array of rectangular modules placed on two surfaces of a parallel plate channel. The effects of relative surface roughness, roughness distribution, and gas rarefaction on flow were studied. It was found that the effect of surface roughness is more pronounced at low Knudsen numbers. The roughness distribution represented by the ratio of the roughness height to spacing of the modules has a significant effect on the friction factor. The friction factor increases not only as the roughness height increases but also as the distance between the roughness modules decreases. This is consistent with the conclusions of Wang et al. ͓28͔ .
The exact solutions of Hagen-Poiseuille flow can be obtained theoretically. However, when the radius of a tube varies with the axial distance, the flow cannot be characterized by HagenPoiseuille law. Langlois ͓32,33͔ employed the lubrication approximation to calculate the mean pressure drop. The prediction of the simple approximation method agrees well with the exact value when the tube radius varies slowly. Since Langlois' paper, some authors investigated this flow problem in tubes of slowly varying radius. Tanner and Linnett ͓34͔ extended the perturbation analysis of Blasius to predict the kinetic energy losses of viscometric capillary tubes. However, they neglected second-order viscous terms in the momentum equations. Manton ͓35͔ obtained an asymptotic series solution for the low Reynolds number flow through an axisymmetric tube whose radius varies slowly in the axial direction. However, he also neglected first and second-order viscous terms. Noticing this and the applications of this flow in biomechanics, Phan-Thien ͓36͔ developed a perturbation solution and obtained an improved solution up to the second-order O͑ 2 ͒ for the mean pressure gradient. Vasudeviah and Balamurugan ͓37͔ tried to solve the corresponding problem for slip flow. However, their derivation and results are questionable, and will be discussed later in this paper. Wang ͓38͔ analyzed the Stokes flow between corrugated plates using a perturbation method. Chu ͓39͔ studied Stokes flow between corrugated plates in the slip flow regime. Later, Chu ͓40͔ investigated the small Knudsen number flow in a tube with corrugated wall by the perturbation method. In view of the importance of this flow problem, we develop a new perturbation solution for slip flow through axially corrugated rough microtubes.
The no-slip boundary conditions are not valid in the slip flow regime ͑0.001Յ KnՅ 0.1͒, and a kinetic boundary layer on the order of one mean free path ͓41,42͔, known as the ordinary Knudsen layer, starts to become dominant between the bulk of the fluid and the wall surface. The flow in the Knudsen layer cannot be analyzed using the Navier-Stokes equations, and it needs special equations of Boltzmann equation. The contributions of the Knudsen layer to the velocity field are of order Kn 2 . However, for KnՅ 0.1, the contribution of the Knudsen layer is small since the Knudsen layer covers less than 10% of the tube diameter. Thus, the Knudsen layer can be neglected by extrapolating the bulk gas flow toward the walls ͓41͔.
For flow past a convex body, the kinetic boundary sublayer due to curvature is present in the moments. This boundary sublayer is formed by points, which cannot be reached from the boundary along straight lines much longer than the mean free path. Sone ͓43͔ discovered that the sublayer is of order the mean free path squared divided by the radius of curvature of the boundary. Cercignani suggests there is a similar effect for concave surface. Details can be found in Refs. ͓43-45͔. The kinetic boundary sublayer is a portion of the Knudsen layer. For KnՅ 0.1, the boundary sublayer covers much less than 10% of the tube diameter, and this boundary sublayer can be neglected. Using the first-order slip boundary conditions is expected to yield good approximations for KnՅ 0.1.
Since analytical models derived using the first-order slip boundary condition have been shown to be relatively accurate up to Knudsen numbers of approximately 0.1 ͓46͔, the first-order slip boundary condition is employed in this paper. A variety of researchers have attempted to develop second-order slip models, which can be used in the early transition regime. However, there are large variations in the second-order slip coefficient ͓41,46͔. The lack of a universally accepted second-order slip coefficient is a major problem in extending the Navier-Stokes equations into the transition regime ͓46͔.
Theoretical Analysis
In this paper we examine a simple approach to modeling surface roughness in the slip flow and continuum flow ͑Kn→ 0͒ regime. In order to simplify the roughness problem, we can consider flow inside a microtube with a rough surface, which is approximately sinusoidal corrugation, rЈ = R + R sin͑2zЈ / l͒, as illustrated in Fig. 1 , where R is the mean radius of the rough microtube, relative roughness = b / R Ӷ 1, and b and l are the amplitude and wavelength of the rough corrugated walls, respectively. It is convenient to normalize all length variables with respect to R. When the tubes are long enough ͑L / D ӷ 1͒ and the Reynolds number is relatively low where the inertia terms are negligible, the Stokes equation in cylindrical coordinates ͑r , , z͒ is ͓47͔
and
where is the dimensionless stream function normalized by ͑Q / 2͒. The boundary conditions are = 0, 1 r ‫ץ‬ ‫ץ‬z = 0 at r = 0 ͑3͒ Transactions of the ASME
where n is the outer direction normal and is the wave number ͑ =2R / l͒. The constant denotes tangential momentum accommodation coefficient, which is usually between 0.87 and 1 ͓48͔. Although the nature of the tangential momentum accommodation coefficients is still an active research problem, almost all evidence indicates that for most gas-solid interactions the coefficients are approximately 1.0. Therefore, may be assumed have a value of unity. It is convenient to introduce the Knudsen number
where f is the molecular mean free path. The characteristic length scale in the present analysis is defined as the microtube mean radius. The same procedure is valid even if 1, defining a modified Knudsen number as Kn ‫ء‬ =Kn͑2−͒ / . Using perturbation methods, we expand in terms of
for the boundary conditions ͑4͒ we can expand ͑1 + sin͑z͒ , z͒ in a Taylor series to obtain 
The solution of 0 is governed by 
͑13͒
The 1 -solution is governed by
According to the boundary conditions, the 1 is in the form 1 ͑r,z͒ = 1 ͑r͒sin z ͑18͒
where
The solution of 1 is
where I ͑x͒ and K ͑x͒ are the modified Bessel functions of the first and second kind, respectively, of order . Due to the boundedness of the velocity field, B 1 = B 2 = 0. Therefore,
Applying boundary conditions ͑16͒ and ͑17͒ 
͑25͒
It is seen that the first-order solution is periodic in z and cannot be related to a mean pressure gradient along z. Next, the 2 -solution is governed by The appropriate solution is in the form 2 ͑r,z͒ = 2a ͑r͒ + periodic solution = 2a ͑r͒ +¯ϫ ͑cos͑2z͒͒ ͑30͒
It is seen that the second-order solution may cause a mean pressure gradient along z. Since periodic solution does not contribute to the mean pressure gradient, only 2a needs to be determined. The 2a solution is governed by 
͑35͒
In terms of boundary conditions ͑33͒ and ͑34͒, we obtain 
͑40͒
The total flow rate is given by
B is a function of wave number and the modified Knudsen number Kn ‫ء‬ . Figure 2 shows the effect of and Kn ‫ء‬ on B͑ ,Kn ‫ء‬ ͒. The B values increase with an increase in and Kn ‫ء‬ . It is seen that the periodic solution cannot be related to the mean pressure gradient along z as its contribution to the integral is zero. Only 0 and 2a contribute to the mean pressure gradient
where Q sm is the flow rate for continuum flow in smooth microtubes. The flow rate decreases with an increase in . Since B is
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Transactions of the ASME always positive indicating a decrease in the flow rate with wall roughness. Setting = 0 in Eq. ͑43͒, we obtain the corresponding expression for the flow rate in smooth microtubes as Q / Q sm =1 +4 Kn ‫ء‬ . However, Vasudeviah and Balamurugan ͓37͔ gave the following misleading expression:
After integrating Eq. ͑41͒, the pressure drop along the length of the pipe ͑L͒ may be determined to be
͑45͒
It can be also shown that the effect of wall roughness on the pressure drop is given by the following equation:
where ⌬p sm is the pressure drop for continuum flow in smooth microtubes.
The mean fiction factor Reynolds product can be obtained simply by substituting Eq. ͑41͒ into the definition of f Re.
f Re =
2ͩ−
A P dp dzЈ Figure 3 demonstrates the effect of wave number , relative roughness , and Knudsen number Kn on pressure drop of microtubes for slip flow. Velocity slip decreases pressure drop and corrugated roughness increases pressure drop. Pressure drop depends on , , and Kn, and it can be less than, equal to, or greater than unity. The coupled effects between small corrugated roughness and velocity slip suggest a possible explanation for the observed phenomenon that Chung et al. ͓49͔ and Kohl et al. ͓50͔ found that the friction factors for gas flow in microchannels can be accurately determined from conventional theory for large channels.
Continuum Flow.
The density of liquids is 100-800 times that of the typical gaseous state. The molecules are closely packed and surrounded by other molecules. Since the molecules are continuously in collision, the concept of a mean free path is not used for liquids. The liquid particles contacting the wall must essentially be in equilibrium with the solid. For most microscale liquid flows, the Navier-Stokes equations and no-slip boundary conditions still hold. In the limit of Kn→ 0, Eq. ͑42͒ reduces to its corresponding continuum flow solution ͓36͔
For practical applications, a simple expression, which is valid for Ն3 can be used B c = 3.92 − 1.76 ͑49͒
The mean fiction factor Reynolds product is given by f Re = 16 1 + B c 2 + O͑ 4 ͒ ͑50͒
Figures 4 and 5 demonstrate the effect of wave number and relative roughness on pressure drop of microtubes for continuum flow. The pressure drop increases with an increase in . Since B is always positive, the pressure drop increases with wall roughness.
Compressibility
Effects. Now we take account of the compressibility of the gas. The flow is assumed to be locally fully developed. The locally fully developed flow assumption means that the velocity field at any cross section is the same as that of a fully developed flow at the local density, and the wall shear stress also takes on locally fully developed values. Compressibility effects enter through the state equation and continuity equation. If the cross-sectional area slightly varies, as it is the case for a corrugated wall, the locally fully developed assumption still approximately holds since we only consider the case of Ӷ1. Sun and Faghri ͓31͔ demonstrated that the locally fully developed flow model can be used to predict gas slip flow in a microchannel with low values of relative surface roughness ͑3-5%͒. For compressible flow, the mass flow rate in the microtube is given by employing the equation of state p = RT Letting zЈ = L gives
The continuum flow mass flow rate is given by 
͑55͒
It is seen that the rarefaction increases the mass flow and that the effect of rarefaction becomes more significant when the pressure ratio decreases. This could be interpreted as a decrease in the gas viscosity. Combining Eqs. ͑52͒ and ͑53͒, we obtain the expression for pressure distribution
The pressure distribution exhibits a nonlinear behavior due to the compressibility effect. The pressure drop required is less than that in a conventional channel. The deviations of the pressure distribution from the linear distribution decrease with an increase in Knudsen number. The nonlinearity increases as the pressure ratio increases. The effects of compressibility and rarefaction are opposite, as Karniadakis et al. ͓41͔ demonstrated. The incompressibility assumption ͑linear pressure distribution͒ is valid for a small pressure drop in the microtubes.
The deviations of the nonlinear pressure distribution from the linear distribution is given by
Taking the derivative of Eq. ͑57͒ and setting it equal to zero, we obtain the location of maximum deviation from linearity as
͑58͒
It is seen that the location of maximum deviation from linearity is between 0.5 and 0.75. The location approaches 0.5 for low pressure ratio and approaches 0.75 for high pressure ratio.
Summary and Conclusion
The influence of axial corrugated surface roughness on fully developed laminar flow in microtubes is studied, and models are proposed to predict friction factor and pressure drop for continuum flow and slip flow. Compressibility effect has also been examined, and simple models are proposed to predict the pressure distribution and mass flow rate for slip flow in corrugated rough microtubes.
It is observed that the normalized pressure drop, ⌬p ‫ء‬ , is a function of relative roughness and wave number for continuum flow, i.e., ⌬p ‫ء‬ = F͑ , ͒. The present model exhibits the influence of axial corrugated roughness. For most conventional microtubes ͑assuming Ϸ 0.03-0.05 and = 10-20͒, the present model provides an explanation on the observed phenomenon that pressure drop results for continuum flow have shown an increase due to roughness.
For slip flow, ⌬p ‫ء‬ is a function of relative roughness , wave number , and Knudsen number Kn, i.e., ⌬p ‫ء‬ = F 1 ͑ , ,Kn͒.
There exist coupled effects between velocity slip and corrugated roughness. Velocity slip decreases pressure drop and increases flow rate. Corrugated roughness increases pressure drop and decreases flow rate. These two effects can have a canceling effect in some systems. The friction factor Reynolds product depends on the relative roughness of the walls of the microchannels also in laminar region and the relative roughness cannot be neglected for microchannels in the laminar region.
Common practice is to specify surfaces with a single parameter, average roughness as it is well established and understood. It is obvious that one parameter is not enough to describe the complete nature of a surface. The roughness spacing is another important parameter to describe surface roughness. The friction factor Reynolds product increases not only as the roughness height increases but also as the roughness spacing decreases.
The present paper extends Phan-Thien's excellent work to slip flow regime. The range of validity of the analytical models developed is 0.001Յ KnՅ 0.1 ͑slip flow regime͒ and Ӷ1. The developed simple models may be used by the research community to estimate roughness and velocity slip effects for the practical engineering design of microtubes.
